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SEIDEL ELEMENTS AND MIRROR TRANSFORMATIONS
EDUARDO GONZA´LEZ AND HIROSHI IRITANI
Abstract. The goal of this article is to give a precise relation between the
mirror symmetry transformation of Givental and the Seidel elements for a
smooth projective toric variety X with −KX nef. We show that the Seidel
elements entirely determine the mirror transformation and mirror coordinates.
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1. Introduction
Let X be a smooth projective toric variety. The variety X can be explicitly
written as the symplectic reduction of the Hermitian space Cm by a Hamiltonian
action of a torus (S1)r, where r is the Picard number of X. Let D1, . . . , Dm
denote the classes in H2(X) Poincare´ dual to the toric divisors. Let ti denote
the coordinates in H2(X) with respect to an integral, nef basis p1, . . . , pr, and let
qi = exp(ti) be the exponential coordinates. Recall that the mirror theorem of
Givental [9] states that if c1(X) = −KX = D1 + · · · + Dm is semipositive (nef),
E.G. is supported by NSF grant DMS-1104670 and H.I. is supported by Grant-in-Aid for Young
Scientists (B) 22740042 .
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2 EDUARDO GONZA´LEZ AND HIROSHI IRITANI
then the cohomology valued function (of the B-model)
IX(y, z) = e
∑r
i=1 pi log yi/z
∑
d∈NE(X)Z
m∏
i=1
(∏0
k=−∞(Di + kz)∏〈Di,d〉
k=−∞(Di + kz)
)
yd11 . . . y
dr
r
determines the J-function JX(q, z) (of the the A-model or Gromov-Witten theory)
(1)
JX(q, z) = e
∑r
i=1 pi log qi/z
1 +∑
α
∑
d∈NE(X)Z\{0}
〈
φα
z(z − ψ)
〉X
0,1,d
φαqd11 · · · qdrr

via a change of coordinates log qi = log yi + gi(y), i = 1, . . . , r, in such a way that
IX(y, z) = JX(q, z). Here the variables y1, . . . , yr of the B-model are called mirror
coordinates and this change of variables is called mirror transformation (or mirror
map). This relation can be used to show that the small quantum cohomology ring
QH(X) differs from the original presentation suggested by Batyrev [2] only by this
change of coordinates. We refer to Givental [9] and the text by Cox and Katz [4]
for further details on this discussion.
Let (Y, ω) denote a symplectic manifold. For a loop λ in the group of Hamilton-
ian symplectomorphisms on Y , Seidel [19], assuming Y monotone, constructed an
invertible element S(λ) in quantum cohomology counting sections of the associated
clutched Hamiltonian fibration Eλ → P1 with fibre Y . The Seidel element S(λ)
defines an element in Aut(QH(Y )) via quantum multiplication, and the association
λ 7→ S(λ) a representation of pi1(Ham(Y )) on QH(Y ). This construction was later
extended for all symplectic manifolds, see for instance McDuff and Tolman [17]
where Seidel’s construction was used to study the underlying symplectic topology
in toric manifolds.
In the case where the loop λ is a (relatively simple) circle action, the asymptotic
form of S(λ) can be written explicitly in terms of geometric and Morse theoretic
information [17, Theorem 1.10]. Regarding X as a Hamiltonian space, they consider
the Seidel element1 S˜j associated to an action λj that fixes the toric divisor Dj (see
Section 3.2). It is proved that S˜j is a series of the form S˜j = Dj + O(q) if −KX
is nef, and S˜j = Dj in the Fano case (−KX is ample). Moreover, it is shown that
these elements satisfy the following Batyrev’s relations:
(2)
∏
j:〈Dj ,d〉>0
S˜
〈Dj ,d〉
j = q
d
∏
j:〈Dj ,d〉<0
S˜
−〈Dj ,d〉
j in QH(X)
where d ∈ H2(X,Z). This shows that QH(X) is abstractly isomorphic to the
Batyrev presentation [17, Proposition 5.2]. Based on this, one can conjecture that
Seidel elements should be closely related or even equivalent to the mirror transfor-
mation. In a recent paper Fukaya, Oh, Ohta and Ono [7] have used Seidel elements
in the mirror symmetry context as well.
We begin with a calculation of Seidel elements. It turns out that S˜j appears as
a coefficient of the J-function JEj of the associated bundle Ej (Proposition 2.5),
and thus one can use the mirror transformation for Ej (which is toric as well) to
calculate S˜j . Let (mij) be the matrix of toric divisors such that Dj =
∑r
i=1mijpi.
1Here S˜j is a variant of the Seidel element Sj = S(λj) given by Sj = q0S˜j , where q0 is the
variable corresponding to the maximal section class of the associated bundle Ej .
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As mirror analogues of Seidel elements, we introduce the Batyrev elements D˜j =
Dj +O(y) ∈ H∗(X)JyK by
(3) D˜j =
r∑
i=1
mij p˜i with p˜i =
r∑
k=1
∂ log qk
∂ log yi
pk.
These elements satisfy Batyrev’s relations (2) with qd there replaced by yd (Propo-
sition 3.8). We can calculate them as explicit hypergeometric series in y (Lemma
3.17). Note that the Batyrev elements and the Seidel elements satisfy the same re-
lation in different coordinates. We see that they only differ by a function multiple.
Theorem 1.1 (Theorem 3.13, Lemma 3.16). Let X be a smooth projective toric
variety with −KX nef. The Seidel element associated to the toric divisor Dj is
given by
S˜j(q1 . . . qr) = exp
(
−g(j)0 (y1, . . . , yr)
)
D˜j(y1, . . . yr).
The correction term g
(j)
0 here is an explicit hypergeometric series (26) in y.
Next we ask the converse: whether the Seidel elements determine the mirror
transformation. One can see from the definition (3) that the Batyrev elements
D˜1, . . . , D˜m can determine the Jacobian of the mirror map, in particular, the mirror
map itself. Therefore, it is important to know when g
(j)
0 vanishes. We show that g
(j)
0
vanishes if and only if −KX is big on the toric divisor Dj , i.e. (−KX)n−1 ·Dj > 0.
In terms of the fan of X, this is also equivalent to the primitive generator bj of the
corresponding 1-cone being a vertex of the fan polytope (Proposition 4.3). Another
important fact is that the Batyrev elements D˜j satisfy the same linear relations as
the toric divisors do:
(4)
m∑
i=1
cjD˜j = 0 whenever
m∑
i=1
cjDj = 0.
The Seidel elements S˜j do not necessarily satisfy the linear relations. The partial
vanishing of g
(j)
0 and these linear relations are enough to reconstruct the Batyrev
elements from the Seidel elements.
Theorem 1.2. For a smooth projective toric variety X with −KX nef, the Seidel
elements S˜j entirely determine the Batyrev elements D˜j and in particular the mirror
transformation. More precisely the Batyrev elements D˜j ∈ H∗(X)JqK, j = 1, . . . ,m
are uniquely characterized by the following conditions:
(i) D˜j = HjS˜j for some Hj ∈ QJqK;
(ii) D˜j = S˜j if (−KX)n−1 ·Dj > 0;
(iii) D˜j satisfy the linear relations (4).
We add a remark on mirror symmetry. The mirror coordinates y1, . . . , yr here
represent the complex moduli of the mirror Landau-Ginzburg model. There are
no preferred choices of coordinates on the complex moduli space and both q and y
serve as local coordinates. However the y coordinates are considered to represent
a global algebraic structure of the complex moduli space. Therefore our result
suggests that Gromov-Witten theory itself (via torus action and Seidel elements)
can reconstruct a global algebraization of the Ka¨hler moduli space which is a priori
a formal germ at q = 0.
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2. Seidel elements and J-functions
We introduce the main notation and constructions of Seidel element and explain
its relation to the J-function.
2.1. Generalities. We begin with the definition of the Seidel element. Let X
be a smooth projective variety, equipped with a C× action. Each C×-orbit in X
contains a fixed point in its closure, and thus the associated S1-action on X is
Hamiltonian by Frankel’s theorem [6]. In this paper we will restrict to this case,
however the construction works more generally in the symplectic category. The
original definition is due to Seidel [19] for monotone symplectic manifolds. The
reader can consult [16] for a detailed exposition and [12, 14] for the construction
in general case. For relations with the computation of small quantum cohomology
rings see [14, 10, 15, 17].
Definition 2.1. The associated bundle of the C×-action is the X-bundle over
P1
E := X × (C2 \ {0})/C× → P1,
where C× acts with the standard diagonal action λ · (x, z) = (λx, λz).
Let φ1, . . . , φN denote a basis for the rational cohomology H
∗(X;Q). By abuse
of notation, every time we omit coefficients we mean rational cohomology. Let
φ1, . . . , φN denote the dual basis, that is (φi, φ
j) = δij where (·, ·) is the usual
pairing in cohomology. There is a (non-canonical) splitting [14]
H∗(E) ∼= H∗(X)⊗H∗(P1).
We let φˆ1, . . . , φˆM denote a basis for H
∗(E), and let φˆ1, . . . , φˆM denote the dual
basis. There is a unique C×-fixed component Fmax ⊂ XC× such that the normal
bundle of Fmax has only negative C×-weights. When we take a Hamiltonian function
for the S1-action, Fmax is the maximum set of the Hamiltonian. Each fixed point
x ∈ XC× defines a section σx of E. We denote by σ0 the section associated to a
fixed point in Fmax. This maximal section defines a splitting
(5) H2(E,Z)/tors ∼= Z[σ0]⊕ (H2(X,Z)/tors)
Let NE(X) ⊂ H2(X,R) denote the Mori cone, that is the cone generated by effective
curves and set NE(X)Z := NE(X) ∩ (H2(X,Z)/tors). We introduce NE(E) and
NE(E)Z similarly.
Lemma 2.2. NE(E)Z = Z≥0[σ0] + NE(X)Z.
Proof. The associated bundle E has the T 2 = C× × C× action defined by (t1, t2) ·
[x, (z1, z2)] = [t1x, (z1, t2z2)]. By the T
2-action, every curve can be deformed to
a sum of T 2-invariant curves in the same homology class. A T 2-invariant curve
is either contained in the fibres at 0, ∞ or in the subspace F × P1 ⊂ E for some
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fixed component F ⊂ XC× . Therefore it suffices to show that the section class [σx]
associated to a fixed point x ∈ XC× is of the form [σ0] + d for some d ∈ NE(X)Z.
Take a nontrivial C×-orbit O in X and consider its closure O ∼= P1. This gives an
embedding of the Hirzebruch surface Fk ∼= O × (C2 \ {0})/C× into E, where k is
the order of the stabilizer at O. It is well known that the maximal section class in
Fk is the sum of the minimal section class and k times the fibre class. By joining
x with the maximal fixed component Fmax by a chain of C×-orbits, we obtain a
relation [σx] = [σ0] + d with d a sum of C×-invariant curves in X. 
Let Hsec2 (E,Z) denote the affine subspace of H2(E,Z)/tors which consists of
section classes, that is the classes that project to the positive generator of H2(P1,Z).
We set NE(E)secZ := NE(E)Z ∩Hsec2 (E,Z). The above lemma shows that
(6) NE(E)secZ = [σ0] + NE(X)Z.
Let r be the rank of H2(X). We choose an integral basis {p1, . . . , pr} of H2(X)
which pairs non-negatively with NE(X)Z (i.e. pi is nef). There are unique lifts
of p1, . . . , pr in H
2(E) which vanish on [σ0]. We denote these lifts by the same
symbols p1, . . . , pr. By the above lemma, these lifts are also nef. Let p0 ∈ H2(E)
denote the pull-back of the positive generator of H2(P1,Z). Then {p0, p1, . . . , pr}
forms an integral basis of H2(E). Let q1, . . . , qr denote the Novikov variables of X
dual to the basis p1, . . . , pr. Similarly let q0, q1, . . . , qr denote the Novikov variables
of E dual to p0, p1, . . . , pr. We take
ΛX := QJq1, . . . , qrK, ΛE := QJq0, q1, . . . , qrK
to be the Novikov rings of X and E respectively. We write
qd := q
〈p1,d〉
1 · · · q〈pr,d〉r ∈ ΛX for d ∈ NE(X)Z
qβ := q
〈p0,β〉
0 q
〈p1,β〉
1 · · · q〈pr,β〉r ∈ ΛE for β ∈ NE(E)Z.
The small quantum cohomology ring
QH(X) = (H(X)⊗Q ΛX , •)
is defined over the Novikov ring ΛX . Let 〈· · ·〉Xg,k,d (resp. 〈· · ·〉Eg,k,d) denote the genus
g, degree d Gromov-Witten invariant of X (resp. E) with k insertions. We refer the
reader to [4] and references therein for the definition of algebraic Gromov-Witten
invariants. Since the proof of Givental’s mirror theorem [8, 9] is based on algebraic
geometry, we will work with algebraic Gromov-Witten invariants.
Definition 2.3. The Seidel element of X is the class
(7) S :=
∑
α
∑
β∈NE(E)secZ
〈ι∗φα〉E0,1,β φαqβ
in QH(X)⊗ΛX ΛE . Here ι : X → E denotes the inclusion of a fibre. By Equation
(6), the Seidel element can be factorized as S = q0S˜ with S˜ ∈ QH(X).
In general, one can define the Seidel element S(λ) for a loop λ in the group
Ham(X) of Hamiltonian diffeomorphisms and one gets a representation of pi1(Ham(X))
on QH(X) via the quantum multiplication by S(λ). In our simple situation, this
fact can be stated as follows. Suppose we have two commuting C×-actions λ1, λ2.
Let λ3 = λ1∗λ2 be the composite C×-action. Let Ei, Si, i = 1, 2, 3 be the X-bundle
and the Seidel element associated to λi. The two commuting C×-actions define the
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associated X-bundle Ê over P1 × P1 such that the restriction to P1 × {z} (resp.
{z} × P1) is isomorphic to the bundle E1 (resp. E2). Then E3 can be obtained
as the restriction of Ê to the diagonal in P1 × P1. From this geometry we have a
natural map2
Hsec2 (E1,Z)×Hsec2 (E2,Z)→ Hsec2 (E3,Z).
Under the multiplication of Novikov variables induced by this map, we have
S3 = S1 • S2.
By considering the inverse C×-action, we find that the Seidel element is invertible
in QH(X) since the trivial C×-action gives rise to the trivial Seidel element q01.
2.2. J-functions.
Definition 2.4 ([8, 9]). The (small) J-function of E is the cohomology valued
function
JE(q, z) = e
∑r
i=0 pi log qi/z
1 + M∑
α=1
∑
β∈NE(E)Z\{0}
〈
φˆα
z(z − ψ)
〉E
0,1,β
φˆαqβ
 ,
where z is a formal variable, and ψ is the first Chern class of the universal cotangent
line bundle L → M0,1(E, d) at the marked point. The fraction φˆα/(z(z − ψ)) in
the correlator should be expanded in the series
∑
n≥0 z
−2−nφˆαψn. The J-function
JX(q, z) of X is defined similarly (see Equation (1)).
In order to see the relation with the Seidel elements, we expand JE in terms of
powers of z as follows.
JE(q, z) = e
∑r
i=0 pi log qi/z
(
1 + z−2
∞∑
n=0
Fn(q1, . . . , qr)q
n
0 +O(z
−3)
)
,
where the functions Fn(q1, . . . , qr) are power series with values in H
∗(E).
Proposition 2.5. The Seidel element of the action is given by S = ι∗(F1(q1, . . . , qr)q0).
Proof. From Definition 2.4 we find
Fn(q1, . . . , qr) =
M∑
α=1
∑
d∈NE(X)Z
〈
φˆα
〉E
0,1,d+nσ0
qdφˆα.
Using the duality identity
M∑
α=1
φˆα ⊗ ι∗φˆα =
N∑
α=1
ι∗φα ⊗ φα,
we get
(8) ι∗F1(q1, . . . , qr) =
N∑
α=1
∑
d∈NE(X)Z
〈i∗φα〉E0,1,d+σ0 qdφα.
The conclusion follows from Equations (7) and (8). 
2In symplectic topology, E3 is isomorphic to the fibre sum E1#E2.
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3. Seidel elements for toric manifolds
3.1. Notation. We now fix some notation on toric geometry for this paper. For
more details see [1, 4, 5]. For this paper a toric manifold X is a projective smooth
toric variety, as constructed from the following data.
(i) An integral lattice M ∼= Zn and its dual N = Hom(M,Z). We denote by
〈·, ·〉 the natural pairing between N and M .
(ii) A fan Σ in NR := N ⊗ R consisting of a collection of strongly convex
rational polyhedral cones σ ⊂ NR, which is closed under intersections and
taking faces.
We shall assume that the fan Σ is complete and regular. Let Σ(1) denote the set
of 1-cones (rays) in Σ, and we let bi denote the set of integral primitive generators
of the 1-cones. The group N is the lattice of the torus N ⊗ C∨ and thus M is the
lattice of characters in N ⊗ C∨. The fan sequence of X is the exact sequence
(9) 0 −−−−→ L −−−−→ Zm −−−−→ N −−−−→ 0,
where the second map takes the canonical basis to the primitive generators b1, . . . , bm
and L is defined to be the kernel of the second map. This in turn defines a torus
T = L⊗ C×, with character and weight lattices L,L∨ respectively and a sequence
0 −−−−→ T −−−−→ (C×)m −−−−→ N ⊗ C× −−−−→ 0.
The dual of the sequence (9) is the divisor sequence
(10) 0 −−−−→ M −−−−→ (Zm)∨ −−−−→ L∨ −−−−→ 0.
The first arrow takes v ∈M into the tuple (〈v, bi〉)mi=1. The images of the canonical
basis under the second map will be denoted by Di, i = 1, . . . ,m.
The weights Di give an homomorphism T→ (C×)m, and we let the torus T act
on Cm via this homomorphism. The combinatorics of the fan defines a stability
condition of this action as follows. Let Z(Σ) denote the union
(11) Z(Σ) :=
⋃
I∈A
CI , CI = {(z1, . . . , zm) : zi = 0 for i /∈ I}.
where A is the collection of anti-cones, that is the subsets of indices that do not
yield a cone in the fan
A :=
{
I :
∑
i∈I
R≥0bi /∈ Σ
}
.
The toric variety X is defined as the quotient
X := [U/T]; U := Cm \ Z(Σ).
Each character ξ : T→ C× defines a line bundle
Lξ := C×ξ,T U → X.
The correspondence ξ 7→ Lξ yields an identification of the Picard group with the
character group of T. Thus, we have
L∨ = Hom(T,C×) ∼= Pic(X)
c1∼= H2(X,Z).
The Poincare´ dual of the prime toric divisor {zi = 0} ⊂ X is the image of Di in
H2(X,Z). By abuse of notation, Di denotes both the divisor {zi = 0} itself and its
class in H2(X,Z) ∼= L∨. We note that L = H2(X,Z).
8 EDUARDO GONZA´LEZ AND HIROSHI IRITANI
The Ka¨hler cone CX of X, the cone consisting of Ka¨hler classes, is given by
CX :=
⋂
I∈A
∑
i∈I
R>0Di ⊂ L∨ ⊗ R = H2(X;R).
We assume that CX is nonempty so that X is projective. We will need later
the following notation. As before p1, . . . , pr ∈ H2(X,Z) denote a nef integral basis,
that is an integral basis such that pa ∈ CX . Then we write the toric divisors as
(12) Dj =
r∑
i=1
mijpi,
for some mij . The Mori cone NE(X) ⊂ H2(X,R) is the dual of the cone CX . As
before NE(X)Z denotes the semi-group NE(X) ∩H2(X,Z).
We shall now explain the symplectic structure of X. Take TR to be maximal
compact in T. The TR-action on Cm is generated by the Hamiltonian
h : Cm → t∨R , h(z1, . . . , zm) =
m∑
i=1
|zi|2Di.
Taking a Ka¨hler class η ∈ CX , we have an homeomorphism (cf. [1, 11])
h−1(η)/TR ∼= X,
which induces a symplectic structure (still denoted by) η on X. This fact and the
equivalence of the algebraic and symplectic Gromov-Witten invariants [13] yield
the following expected result.
Lemma 3.1. The Seidel element of the symplectic toric manifold (X, η) as defined
in [19, 17] coincides with the one in Equation (7).
3.2. The C×-action fixing a toric divisor. For each divisor Dj we take a C×-
action on X rotating around Dj and describe the geometry of its associated bundle.
Consider the action of C× on Cm given by
(z1, . . . , zm) 7→ (z1, . . . , t−1zj , . . . , zm), t ∈ C×
and the induced action on X = (Cm \ Z(Σ))/T. The toric divisor Dj = {zj = 0}
is the maximal fixed component of this action. We extend this to the diagonal
C×-action on (Cm \ Z(Σ))× (C2 \ {0}) by
(z1, . . . , zm, u, v) 7→ (z1, . . . , t−1zj , . . . , zm, tu, tv), t ∈ C×.
The associated bundle Ej of the C×-action on X is given by
Ej = (Cm \ Z(Σ))× (C2\{0})/T× C×.
Therefore Ej is also a toric variety. We can identify H
2(Ej ,Z) with the lattice of
characters of T× C×:
(13) H2(Ej ,Z) ∼= L∨ ⊕ Z ∼= H2(X,Z)⊕ Z.
This is dual to the splitting in Equation (5). In light of this splitting, the m + 2
weights of T× C× defining Ej are just given by
(14) D̂i = (Di, 0) for i 6= j; D̂j = (Dj ,−1); D̂m+1 = D̂m+2 = (~0, 1).
This in turn yields the divisor sequence
0 −−−−→ M ⊕ Z −−−−→ (Zm+2)∨ D̂−−−−→ L∨ ⊕ Z −−−−→ 0.
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The fan of Ej is contained in NR ⊕ R. The following generators of the 1-cones
bˆi = (bi, 0) for 1 ≤ i ≤ m; bˆm+1 = (~0, 1); bˆm+2 = (bj ,−1),
yield the fan sequence for Ej
0 −−−−→ L⊕ Z −−−−→ Zm+2 bˆ−−−−→ N ⊕ Z −−−−→ 0
which is dual to the divisor sequence above. We set
p0 := (~0, 1) = D̂m+1 = D̂m+2 ∈ H2(Ej).
Under the splitting (13), a nef integral basis {p1, . . . , pr} of H2(X) can be lifted to
a nef integral basis {p0, p1, . . . , pr} of H2(Ej). We have
CEj = CX + R>0p0, c1(Ej) = c1(X) + p0.
The following result is immediate.
Lemma 3.2. If −KX is nef then for all j, −KEj is nef.
3.3. I functions and the mirror maps. We now recall Givental’s mirror Theo-
rem [9, Theorem 0.1]. Let {p0, p1, . . . pr} be a nef basis of H2(Ej) as above. The
I-function of X is the H∗(X)-valued function:
IX(y, z) = e
∑r
i=1 pi log yi/z
∑
d∈NE(X)Z
m∏
i=1
(∏0
k=−∞(Di + kz)∏〈Di,d〉
k=−∞(Di + kz)
)
yd.
Note that all but finitely many factors in the infinite products cancel. Here yd =
y
〈p1,d〉
1 · · · y〈pr,d〉r . Similarly the I-function of Ej is the H∗(Ej)-valued function
(15) IEj (y, z) = e
∑r
i=0 pi log yi/z
∑
β∈NE(E)Z
m+2∏
i=1
∏0k=−∞(D̂i + kz)∏〈D̂i,β〉
k=−∞(D̂i + kz)
 yβ ,
where yβ = y
〈p0,β〉
0 y
〈p1,β〉
1 · · · y〈pr,β〉r .
Theorem 3.3 (Givental [9]). Let X be a toric manifold with −KX nef. Then we
have
IX(y, z) = JX(q, z)
under an invertible change of variables of the form
(16) log qi = log yi + gi(y1, . . . , yr), i = 1, . . . , r
where gi(y) is a power series in y1, . . . , yr which is homogeneous of degree zero with
respect to the degree deg yd = 2 〈c1(X), d〉 and gi(0) = 0.
Definition 3.4. The coordinates y1, . . . , yr are called the mirror coordinates of
X. They are asymptotically the same as q1, . . . , qr as y → 0, in the sense that
qi = yi + higher order terms.
Because c1(Ej) is nef, we can apply this mirror theorem to Ej . Hence we have
IEj (y, z) = JEj (q, z)
under a change of variables
(17) log qi = log yi + g
(j)
i (y0, y1, . . . , yr), i = 0, . . . , r.
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Lemma 3.5. The function g
(j)
i does not depend on y0. Moreover we have
g
(j)
i (y0, y1, . . . , yr) = gi(y1, . . . , yr), i = 1, . . . , r.
This means that the mirror maps for X and Ej coincide for q1, . . . , qr.
Proof. The functions g
(j)
i appear as the coefficients of z
−1 in the expansion of IEj
(see [9, p.145]):
(18) IEj (y, z) = e
∑r
i=0 pi log yi/z
(
1 + z−1
r∑
i=0
g
(j)
i (y)pi +O(z
−2)
)
.
The functions gi are determined by IX similarly. Using ι
∗D̂j = Dj , we can see that
(19) ι∗IEj
∣∣∣
y0=0
= IX .
Note that the restriction to y0 = 0 in the left-hand side is well defined because
ι∗p0 = 0. These facts imply that
g
(j)
i (0, y1, . . . , yr) = gi(y1, . . . , yr), i = 1, . . . , r.
On the other hand, deg y0 = 2 〈c1(Ej), σ0〉 = 2 and all other monomials appearing
in g
(j)
i have nonnegative degree (since c1(Ej) is nef). Thus the homogeneous series
g
(j)
i of degree zero does not depend on y0. 
3.3.1. Batyrev relations and elements. Let y1, . . . , yr be the mirror coordinates of
a toric manifold X with −KX nef. Set Q[y±] = Q[y±1 , . . . , y±r ]. Batyrev’s quantum
ring is a Q[y±]-algebra generated by the variables w1, . . . , wm corresponding to the
toric divisors D1, . . . , Dm subject to the following two types of relations:
(multiplicative):
∏
j:〈Dj ,d〉>0
w
〈Dj ,d〉
j = y
d
∏
j:〈Dj ,d〉<0
w
−〈Dj ,d〉
j , d ∈ H2(X,Z);
(linear):
m∑
j=1
cjwj = 0 whenever
m∑
j=1
cjDj = 0, cj ∈ Q.
(20)
where yd =
∏r
i=1 y
〈pi,d〉
i . We refer to these relations as Batyrev relations. By
the divisor sequence (10), the linear relations can be written in the form:
(21)
m∑
j=1
〈v, bj〉wj = 0, v ∈M.
Remark 3.6. Since X is compact, there exist positive integers c1, . . . , cm such that
c1b1 + · · · + cmbm = 0. Then by the fan sequence (9) we have d ∈ H2(X,Z) such
that 〈Di, d〉 = ci > 0. This gives a relation
∏m
i=1 w
ci
i = y
d. Therefore the variables
wi are invertible in the Batyrev ring.
Definition 3.7. Let X be a toric manifold with −KX nef. We can regard pi ∈
H2(X) as corresponding to the logarithmic vector field qi(∂/∂qi). We introduce an
element p˜i ∈ H2(X)⊗QJy1, . . . , yrK which corresponds to yi(∂/∂yi) as
p˜i =
r∑
k=1
∂ log qk
∂ log yi
pk = pi +O(y).
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Recall from Equation (12) that Dj =
∑r
i=1mijpi. We define the Batyrev element
associated to Dj as
D˜j =
r∑
i=1
mij p˜i = Dj +O(y).
Proposition 3.8. The Batyrev elements D˜1, . . . , D˜m satisfy both the multiplicative
and linear Batyrev relations (20) for wj = D˜j.
Proof. We use the fact [8, 9, 4] that if the J-function satisfies the differential equa-
tion R(qi, zqi(∂/∂qi), z)JX(q, z) = 0, then we have a relation R(qi, pi•, 0)1 = 0 in
the small quantum cohomology ring. We can easily show that the I-function of X
satisfy the differential equation RdIX(y, z) = 0 for d ∈ H2(X,Z) where
Rd =
∏
j:〈Dj ,d〉>0
〈Dj ,d〉−1∏
k=0
(Dj − kz)− yd
∏
j:〈Dj ,d〉<0
−〈Dj ,d〉−1∏
k=0
(Dj − kz)
and Dj = z
∑r
i=1mijyi(∂/∂yi). From the mirror theorem, we know that the J-
function satisfies the corresponding differential equation under the mirror change
of coordinates. The multiplicative Batyrev relations follow from this and the fact
above. It is obvious that D˜j ’s satisfy the linear relations. 
Remark 3.9. Seidel elements satisfy the multiplicative relations (2) in the q-
coordinates, as proved in [17, Proposition 5.2], but do not necessarily satisfy the
linear relations.
3.4. Seidel elements in terms of mirror maps. In this paragraph we will as-
sume that −KX is nef. Since −KEj is also nef, we can expand the I-function of Ej
in z−1 as follows (cf. (18)).
(22)
IEj (y, z) = e
∑r
i=0 pi log yi/z
(
1 + z−1
r∑
i=0
g
(j)
i (y)pi + z
−2
2∑
n=0
G(j)n (y)y
n
0 +O(z
−3)
)
where g
(j)
i (y) is the mirror map of Ej in Equation (17). The coefficientsG
(j)
0 , G
(j)
1 , G
(j)
2
are power series in y1, . . . , yr taking values in H
4(Ej), H
2(Ej), H
0(Ej) respectively.
Under the coordinate change log qi = log yi + g
(j)
i (y), we can rewrite IEj (y, z) as
e
∑r
i=0 pi log qi/z
(
1 + z−2
(
G
(j)
0 −
1
2
(∑r
i=0 g
(j)
i pi
)2
+G
(j)
1 y0 +G
(j)
2 y
2
0
)
+O(z−3)
)
.
Lemma 3.10. The Seidel element Sj associated to the toric divisor Dj is given by
Sj(q0, . . . , qr) = ι
∗(G(j)1 (y1, . . . yr)y0),
under the mirror transformation (17) for Ej.
Proof. By Proposition 2.5, the Seidel element S˜j is the coefficient of q0/z
2 in
exp(−∑ri=0 pi log qi/z)JEj (q, z). The result follows from JEj (q, z) = IEj (y, z). 
We now digress to reinterpret G
(j)
1 . A straightforward computation shows the
following lemma.
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Lemma 3.11. The I-function of Ej satisfies the differential equation
z
∂
∂y0
(
y0
∂
∂y0
)
IEj =
(
r∑
i=1
mij
(
yi
∂
∂yi
)
− y0 ∂
∂y0
)
IEj .
where (mij) is the matrix appearing in Equation (12).
Using the expansion for IEj in Equation (22) we obtain
z
∂
∂y0
(
y0
∂
∂y0
)
IEj =
=
∂
∂y0
(
e
∑r
i=0 pi log yi/z
(
p0 + z
−1
(
r∑
i=0
g
(j)
i pip0 +
2∑
n=0
G(j)n ny
n
0
)
+O(z−2)
))
= e
∑r
i=0 pi log yi/z
(
z−1
2∑
n=1
G(j)n n
2yn−10 +O(z
−2)
)(23)
where we used p20 = 0. On the other hand
ι∗
(
r∑
i=1
mijyi
∂
∂yi
− y0 ∂
∂y0
)
IEj =
(
r∑
i=1
mijyi
∂
∂yi
− y0 ∂
∂y0
)
ι∗IEj
=
(
r∑
i=1
mijyi
∂
∂yi
)
(IX +O(y0)) by Equation (19)
=
(
r∑
i=1
mijyi
∂
∂yi
)
(JX +O(q0)) by mirror Theorem 3.3
=
(
r∑
i=1
r∑
k=1
mij
∂ log qk
∂ log yi
∂
∂ log qk
)
e
∑r
i=1 pi log qi/z
(
1 +O(z−2) +O(q0)
)
= e
∑r
i=1 pi log qi/z
(
z−1D˜j +O(z−2) +O(q0)
)
(24)
where D˜j is the Batyrev element of Dj . Here y0, . . . , yr and q0, . . . qr are related
by the mirror map (17) for Ej , but we know by Lemma 3.5 that the mirror maps
of X and Ej coincide for q1, . . . , qr. Comparing (24) and (23) we get the following
result.
Lemma 3.12. D˜j(y) = ι
∗G(j)1 (y1, . . . , yr).
Noting Sj = q0S˜j and the effect of the mirror map log q0 = log y0 + g
(j)
0 (y), we
obtain the desired expression of Seidel elements from Lemma 3.12 and Lemma 3.10.
Theorem 3.13. The Seidel element S˜j and Batyrev element D˜j are related by
S˜j(q1, . . . , qr) = exp
(
−g(j)0 (y1, . . . , yr)
)
D˜j(y1, . . . , yr)
under the mirror transformation (16) of X.
Remark 3.14. The theorem above and Remark 3.6 show the invertibility of the
Seidel elements, obtaining the result of Seidel in our particular toric setting.
We shall calculate g
(j)
0 and D˜j as explicit hypergeometric series in the mirror
coordinates y. It is not hard to see the following lemma.
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Lemma 3.15. About the product factors appearing in the I-function IEj (15), we
have
m+2∏
i=1
∏0
k=−∞(D̂i + kz)∏〈D̂i,β〉
k=−∞(D̂i + kz)
= Cβz
−∑m+2i=1 〈D̂i,β〉−]{i:〈D̂i,β〉<0} ∏
i:〈D̂i,β〉<0
D̂i + h.o.t.
where h.o.t. means higher order terms in z−1 and
(25) Cβ =
∏
i:〈D̂i,β〉<0
(−1)−〈D̂i,β〉−1(−〈D̂i, β〉 − 1)! ·
∏
i:〈D̂i,β〉≥0
(〈D̂i, β〉!)−1.
Lemma 3.16. The coefficient g
(j)
0 is given by
(26) g
(j)
0 (y1, . . . , yr) =
∑
〈c1(X),d〉=0
〈Dj ,d〉<0
〈Di,d〉≥0, ∀i 6=j
(−1)〈Dj ,d〉 (−〈Dj , d〉 − 1)!∏
i 6=j 〈Di, d〉!
yd.
Proof. We want to investigate the coefficient of z−1 in the power series expansion
(15) of IEj . By Lemma 3.15, the summand indexed by β ∈ NE(Ej)Z contributes
to the coefficient of z−1 if
∑m+2
i=1 〈D̂i, β〉 + ]{i : 〈D̂i, β〉 < 0} ≤ 1. Since −KEj =∑m+2
i=1 D̂i is nef (Lemma 3.2), this happens only in the following three cases:
• ∑m+2i=1 〈D̂i, β〉 = 0 and ]{i : 〈D̂i, β〉 < 0} = 0;
• ∑m+2i=1 〈D̂i, β〉 = 1 and ]{i : 〈D̂i, β〉 < 0} = 0;
• ∑m+2i=1 〈D̂i, β〉 = 0 and ]{i : 〈D̂i, β〉 < 0} = 1.
In the first case, we have 〈D̂i, β〉 = 0 for all i and so β = 0. This contributes
nothing to the coefficient of z−1. The second case does not happen because in
this case β has to satisfy 〈D̂i, β〉 = 0 except for one i, and this implies β = 0. In
the third case, β has to be a fibre class from NE(X)Z (i.e. 〈p0, β〉 = 0) because∑m+2
i=1 D̂i = −KX + p0 and −KX , p0 are nef. Therefore the coefficient of z−1 in
IEj is the sum of
(27) Cd
∏
i:〈D̂i,d〉<0
D̂i, where Cd is the constant in (25)
over all the fibre classes d ∈ NE(X)Z such that
∑m+2
i=1 〈D̂i, d〉 =
∑m
i=1〈Di, d〉 = 0
and 〈D̂i, d〉 = 〈Di, d〉 < 0 for exactly one i from {1, . . . ,m}. (Note that 〈Dm+1, d〉 =
〈Dm+2, d〉 = 0.)
Now g
(j)
0 is the coefficient corresponding to p0. Among the divisors D̂1, . . . , D̂m,
D̂j = (Dj ,−1) = Dj − p0 is the only one which contains p0. Therefore the terms
of the form (27) which contribute to g
(j)
0 are those with d ∈ NE(X)Z for which
〈Dj , d〉 < 0, 〈Di, d〉 ≥ 0 for i 6= j and
∑m
i=1〈Di, d〉 = 0. 
Lemma 3.17. The Batyrev element D˜j is given by
D˜j = Dj −
m∑
i=1
Di
∑
〈c1(X),d〉=0
〈Di,d〉<0
〈Dk,d〉≥0, ∀k 6=i
(−1)〈Di,d〉 (−〈Di, d〉 − 1)!∏
k 6=i,j 〈Dk, d〉!
yd.
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Proof. By the same calculation leading to Equation (24), we find(
r∑
i=1
mijyi
∂
∂yi
)
IX(y, z) = e
∑r
i=1 pi log qi/z
(
z−1D˜j +O(z−2)
)
= e
∑r
i=1 pi log yi/z
(
z−1D˜j +O(z−2)
)
.
The conclusion follows from a calculation similar to the previous lemma. 
3.5. Example. Let X = P(OP1 ⊕OP1(−2)) be the second Hirzebruch surface. Let
p1, p2 be the nef basis of H
2(X) that are Poincare´ dual to the fibre and the infinity
section. The divisor matrix is
(mij) =
[
0 −2 1 1
1 1 0 0
]
,
That is
D1 = p2, D2 = p2 − 2p1, D3 = D4 = p1.
The q coordinates are
q1 = e
PD(D2), q2 = e
PD(D3).
The mirror transformation of X is well known (cf. [9, p.146]); it is given by
y1 =
q1
(1 + q1)2
,
y2 = q2(1 + q1).
The classes p˜i, i = 1, 2 corresponding to the vector fields yi(∂/∂yi) are
p˜1 =
1 + q1
1− q1 p1 −
q1
1− q1 p2,
p˜2 = p2.
The Batyrev elements are
D˜1 = p˜2, D˜2 = p˜2 − 2p˜1, D˜3 = D˜4 = p˜1.
Hence
D˜1 = D1,
D˜2 =
1 + q1
1− q1D2,
D˜3 = D3 − q1
1− q1D2,
D˜4 = D4 − q1
1− q1D2.
The correction term g
(j)
0 appears only for j = 2. By Theorem 3.13, the Seidel
element associated to D2 is just given by
S˜2(q1, q2) = exp
(
−g(2)0 (y1, y2)
)
D˜2(y1, y2).
where the term g
(2)
0 is the sum over all effective classes d such that 〈c1(X), d〉 = 0,
〈Dj , d〉 < 0, 〈Di, d〉 ≥ 0, i 6= j as in Equation (26). These are just the classes
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d = d1 PD(D2), for d1 ≥ 0. So we have 〈D3, d〉 = 〈D4, d〉 = d1, 〈D1, d〉 = 0 and
〈D2, d〉 = −2d1. Thus
g0(y) =
∞∑
d1=1
(2d1 − 1)!
(d1!)2
yd11 .
(This has already appeared in other places e.g. [4, p.393] or [9, p.146].) Using the
formulas above, it is not hard to see that
exp(−g0) = (1 + q1)−1,
and thus S˜2 = (1 + q1)
−1D˜2. All other Seidel elements S˜i agree with the Batyrev
elements D˜i. Therefore we have,
S˜1 = D1,
S˜2 =
(
1
1− q1
)
D2,
S˜3 = D3 −
(
q1
1− q1
)
D2,
S˜4 = D4 −
(
q1
1− q1
)
D2.
This computation agrees with the one in McDuff-Tolman [17].
It is easy to check that the Batyrev relations are compatible in the two coordinate
systems
D˜d21 D˜
d2−2d1
2 D˜
d1
3 D˜
d1
4 = y
d1
1 y
d2
2 ,
S˜d21 S˜
d2−2d1
2 S˜
d1
3 S˜
d1
4 = q
d1
1 q
d2
2 .
4. Reconstruction of mirror maps
4.1. When the correction term vanishes. We continue to assume that X is
a toric manifold with −KX nef. Let Σ denote its fan. If the toric divisor Dj
is nef, then a direct computation from Equation (26) shows that the correction
coefficient g
(j)
0 is trivial. In such case the Seidel element and Batyrev element
agree. However the nef condition is too restrictive. We show that g
(j)
0 vanishes if
and only if the restriction of −KX to Dj is big, i.e. the image of Dj under the map
φ|−mKX | : X → P(H0(X,−mKX)) has the same dimension as Dj for sufficiently
big m > 0.
Definition 4.1. The fan polytope P ⊂ N ⊗ R of X is the convex hull of the
integral primitive generators b1, . . . bm of 1-cones of the fan Σ.
Since X is a compact toric manifold with −KX nef, we have
Lemma 4.2. The fan polytope P of X contains the origin in its interior and every
vector bi is on the boundary of P .
Proposition 4.3. The following are equivalent:
(i) The correction term g
(j)
0 in (26) vanishes;
(ii) The primitive generator bj is a vertex of the fan polytope P ;
(iii) The anticanonical divisor −KX is big on Dj, i.e. (−KX)n−1 ·Dj > 0.
For the proof, we use the following notation and lemma.
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Notation 4.4. For each cone σ ∈ Σ we let F (σ) denote the minimal face of the
fan polytope P which contains the collection σ(1) of primitive generators bi ∈ σ.
By abuse of notation we write F (bi) to denote the face F (R≥0bi).
Lemma 4.5. Let σ be a cone in Σ. Suppose that d ∈ H2(X) satisfies 〈c1(X), d〉 = 0
and
〈Di, d〉 ≥ 0 if bi /∈ σ.
Then d ∈ NE(X) and
〈Di, d〉 = 0 if bi /∈ F (σ).
Proof. Take a support function h : NR → R such that P is contained in the half-
space {v ∈ NR|h(v) ≤ 1} and such that F (σ) = P ∩ h−1(1). We have the following
relation
0 =
m∑
i=1
〈Di, d〉 bi.
By evaluating h we have
0 =
m∑
i=1
〈Di, d〉h(bi) =
∑
bi∈F (σ)
〈Di, d〉+
∑
bi /∈F (σ)
〈Di, d〉h(bi)
≤
∑
bi∈F (σ)
〈Di, d〉+
∑
bi /∈F (σ)
〈Di, d〉 = 0,
where the second inequality follows from the fact that h(bi) < 1 and 〈Di, d〉 ≥ 0, if
bi /∈ F (σ). Because of the zeroes in each hand-side, the inequality is an equality.
Therefore 〈Di, d〉h(bi) = 〈Di, d〉, if bi /∈ F (σ). This in turn implies that 〈Di, d〉 = 0,
if bi /∈ F (σ). 
Proof of Proposition 4.3. We first prove the equivalence of (ii) and (iii). By [5,
Lemma 9.3.9], the bigness of (−KX)|Dj translates to the fact that the face F ∗j of
the dual polytope P ∗ has the maximal dimension n− 1, where
P ∗ = {v ∈MR : 〈v, bi〉 ≥ −1, ∀i},
F ∗j = {v ∈ P ∗ : 〈v, bj〉 = −1}.
This is equivalent to bj being a vertex of P .
Next we prove the equivalence of (i) and (ii). Suppose bj is not a vertex of
P . Then bj is in the relative interior of F (bj). Since F (bj) is convex, there exist
bi1 , . . . , bik on F (bj) and nonnegative constants c1, . . . , ck such that such that bis 6=
bj for all s and
c1bi1 + · · ·+ ckbik − bj = 0,(28)
c1 + · · ·+ ck − 1 = 0.(29)
By the fan sequence (9), the relation (28) gives an element in d ∈ NE(X) such
that 〈Dj , d〉 = −1, 〈Di, d〉 ≥ 0, i 6= j. By Equation (29), 〈c1(X), d〉 = 0. Such d
contributes to the sum in Equation (26) and g
(j)
0 6= 0.
Suppose that bj is a vertex of P and g
(j)
0 6= 0. Then by Equation (26) there
exists d ∈ NE(X) such that 〈Dj , d〉 < 0, 〈Di, d〉 ≥ 0, i 6= j and 〈c1(X), d〉 = 0. By
Lemma 4.5, we know that 〈Di, d〉 = 0, if bi /∈ F (bj). However, bj is a vertex of P ,
which means that F (bj) contains only bj . Therefore 〈Di, d〉 = 0 for all i 6= j. Since
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the divisors {Di : i 6= j} span H2(X,Q) it follows that d = 0, which contradicts
〈Di, d〉 < 0. 
Corollary 4.6. Let n be the dimension of X and r be the Picard number. Out of
m = n+ r correction terms g
(j)
0 , at least n+ 1 vanish. In other words, there are at
most r − 1 non-vanishing correction terms.
Proof. Any convex polyhedron with non-empty interior in an n-dimensional vector
space has at least n+ 1 vertices. The result follows. 
4.2. Reconstruction. By Proposition 3.8 the elements D˜j satisfy both the multi-
plicative and the linear Batyrev relations. However Seidel elements only satisfy the
multiplicative relations. The reconstruction of the mirror transformation is based
on this observation. We now have all we need to establish the proof of Theorem
1.2.
Proof of Theorem 1.2. By all our statements above, Batyrev elements satisfy the
conditions (i) – (iii). So we only need to show the uniqueness property. The linear
relations (iii) are equivalent to the identity (cf. Equation (21))
m∑
j=1
bj ⊗ D˜j = 0
in the tensor product NQ ⊗H2(X; ΛX). Substituting D˜j with HjS˜j and using the
property (ii), we have ∑
bj :non-vertex
Hj(bj ⊗ S˜j) = −
∑
bj :vertex
bj ⊗ S˜j .
Here we used the fact that (−KX)n−1 · Dj > 0 is equivalent to bj being a vertex
of the fan polytope (Proposition 4.3). Since S˜j = Dj +O(q), to see the uniqueness
of Hj , it suffices to show that {bj ⊗Dj : bj : non-vertex} is linearly independent.
Suppose we have a linear relation
(30)
∑
bj :non-vertex
hj(bj ⊗Dj) = 0.
If bj is not a vertex, the face F (bj) of the fan polytope P contains bj in its relative
interior. Since F (bj) is a convex hull of vertices bi1 , . . . , bik of P , we have a relation
c1bi1 + · · ·+ ckbik − bj = 0
for some rational numbers cs. This relation gives an element d ∈ H2(X) such
that 〈Dj , d〉 = −1, 〈Dis , d〉 = cs and 〈Dl, d〉 = 0 when l is none of j, i1, . . . , ik.
Contracting Equation (30) with id⊗d, we get
0 = −hjbj .
Thus hj = 0 for all j for which bj is not a vertex. This completes the proof. 
4.3. Examples. We compute the Batyrev and the Seidel elements in several ex-
amples and illustrate the reconstruction of mirror maps.
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4.3.1. Hirzebruch surface F2. We revisit the example in Section 3.5. The fan of F2
is given by the following primitive vectors of 1-cones:
b1 = (0,−1), b2 = (0, 1), b3 = (−1, 1), b4 = (1, 1).
Here b1, b3, b4 are vertices of the fan polytope and thus S˜j = D˜j for j = 1, 3, 4. The
mirror coordinates y1, y2 can be reconstructed from these Seidel elements, via the
formulas
S˜1 =
2∑
i=1
∂ log qi
∂ log y2
pi, S˜3 = S˜4 =
2∑
i=1
∂ log qi
∂ log y1
pi.
4.3.2. Crepant resolution of P3/Z2. Let X = P(O(2,−2) ⊕ O) be the P1-bundle
over P1×P1. Collapsing the zero and the infinity section to P1 yields P3/Z2, where
Z2 acts on P3 by
[z1 : z2 : z3 : z4] 7→ [z1 : z2 : −z3 : −z4].
The toric variety P3/Z2 has transversal A1 singularities along two P1’s and X is its
crepant resolution.
The fan of X is given by
b1 = (1, 0,−1), b2 = (−1, 0,−1), b3 = (0, 1, 1), b4 = (0,−1, 1),
b5 = (0, 0, 1), b6 = (0, 0,−1).
The vertices of the fan polytope are b1, b2, b3, b4. The Mori cone is spanned by the
three homology classes γ1, γ2, γ3 ∈ H2(X,Z) with the intersection matrix
(〈Di, γj〉)T =
0 0 1 1 −2 01 1 0 0 0 −2
0 0 0 0 1 1

where each row vector gives a relation amongst b1, . . . , b6. The classes γ1, γ2, γ3
define a Z-basis for H2(X,Z). Let p1, p2, p3 ∈ H2(X,Z) denote the dual basis and
let q1, q2, q3 denote the corresponding Novikov variables.
Mirror coordinates.
y1 =
q1
(1 + q1)2
,
y2 =
q2
(1 + q2)2
,
y3 = q3(1 + q1)(1 + q2)
The Batyrev and Seidel elements.
S˜1 = S˜2 = D˜1 = D˜2 = p˜2 =
1 + q2
1− q2 p2 −
q2
1− q2 p3,
S˜3 = S˜4 = D˜3 = D˜4 = p˜1 =
1 + q1
1− q1 p1 −
q1
1− q1 p3,
S˜5 =
1
1 + q1
D˜5, D˜5 = −2p˜1 + p˜3 = 1 + q1
1− q1D5,
S˜6 =
1
1 + q2
D˜6, D˜6 = −2p˜2 + p˜3 = 1 + q2
1− q2D6.
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Figure 1. Crepant resolution of (P1 × P1)/Z2
Reconstruction from Seidel elements. The reconstruction in this case becomes
a little more involved. Since S˜1, . . . , S˜4 have no correction terms, we have the
relations
(31) S˜1 = S˜2 =
3∑
i=1
∂ log qi
∂ log y2
pi, S˜3 = S˜4 =
3∑
i=1
∂ log qi
∂ log y1
pi
but these are not enough to determine the mirror coordinates y1, y2, y3. We also
need to require that the mirror map is homogeneous, i.e. the Euler vector field is
preserved
(32) 2y3
∂
∂y3
= 2q3
∂
∂q3
.
The Equations (31), (32) can reconstruct the mirror coordinates y1, y2, y3.
In general, the method of the reconstruction illustrated here works if c1(X)
together with the divisors Dj for which bj is a vertex of the fan polytope span
H2(X).
4.3.3. Crepant resolution of (P1 × P1)/Z2. Let Z2 act on P1 × P1 by
([z1, z2], [w1, w2]) 7→ ([z1,−z2], [w1,−w2]).
The quotient (P1 × P1)/Z2 has four isolated singular points of type A1. Let X
denote the minimal resolution of (P1 × P1)/Z2. It is given by the complete regular
fan (Figure (1)) spanned by
b1 = (−1, 1), b2 = (1, 1), b3 = (1,−1), b4 = (−1,−1),
b5 = (0, 1), b6 = (1, 0), b7 = (0,−1), b8 = (−1, 0).
The vertices of the fan polytope are b1, . . . , b4.
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Define γ1, . . . , γ6 ∈ H2(X,Z) to be the Q-basis of H2(X) with the following
intersection matrix:
(〈Di, γj〉)T =

1 1 0 0 −2 0 0 0
0 1 1 0 0 −2 0 0
0 0 1 1 0 0 −2 0
1 0 0 1 0 0 0 2
−2 −1 −2 −1 2 2 2 2
−1 −2 −1 −2 2 2 2 2

Again each row vector gives a relation of b1, . . . , b8. In this case the Mori cone
NE(X) is not simplicial, but is contained in the cone spanned by γ1, . . . , γ6. Let
p1, . . . , p6 ∈ H2(X) be the dual basis of γ1, . . . , γ6 and let q1, . . . , q6 be the cor-
responding Novikov variables. Note that deg q1 = · · · = deg q4 = 0 and deg q5 =
deg q6 = 4.
Mirror coordinates.
yi =

qi
(1 + qi)2
, i = 1, 2, 3, 4
qi(1 + q1)
2(1 + q2)
2(1 + q3)
2(1 + q4)
2, i = 5, 6.
From this we get the elements
p˜i =
6∑
i=1
∂ log qk
∂ log yi
pk =

1 + qi
1− qi pi −
2qi
1− qi p5 −
2qi
1− qi p6, i = 1, 2, 3, 4.
pi, i = 5, 6.
The Batyrev and Seidel elements.
S˜1 = D˜1 = p˜1 + p˜4 − 2p˜5 − p˜6
=
1 + q1
1− q1 p1 +
1 + q4
1− q4 p4 −
(
1 + q1
1− q1 +
1 + q4
1− q4
)
p5 −
(
1 + q1
1− q1 +
2q4
1− q4
)
p6
S˜2 = D˜2 = p˜1 + p˜2 − p˜5 − 2p˜6
=
1 + q1
1− q1 p1 +
1 + q2
1− q2 p2 −
(
1 + q1
1− q1 +
2q2
1− q2
)
p5 −
(
1 + q1
1− q1 +
1 + q2
1− q2
)
p6
S˜3 = D˜3 = p˜2 + p˜3 − 2p˜5 − p˜6
=
1 + q2
1− q2 p2 +
1 + q3
1− q3 p3 −
(
1 + q2
1− q2 +
1 + q3
1− q3
)
p5 −
(
1 + q2
1− q2 +
2q3
1− q3
)
p6
S˜4 = D˜4 = p˜3 + p˜4 − p˜5 − 2p˜6
=
1 + q3
1− q3 p3 +
1 + q4
1− q4 p4 −
(
1 + q3
1− q3 +
2q4
1− q4
)
p5 −
(
1 + q3
1− q3 +
1 + q4
1− q4
)
p6
S˜5 =
1
1 + q1
D˜5, D˜5 = −2p˜1 + 2p˜5 + 2p˜6 = 1 + q1
1− q1 (−2p1 + 2p5 + 2p6) =
1 + q1
1− q1D5
S˜6 =
1
1 + q2
D˜6, D˜6 = −2p˜2 + 2p˜5 + 2p˜6 = 1 + q2
1− q2 (−2p2 + 2p5 + 2p6) =
1 + q2
1− q2D6
S˜7 =
1
1 + q3
D˜7, D˜7 = −2p˜3 + 2p˜5 + 2p˜6 = 1 + q3
1− q3 (−2p3 + 2p5 + 2p6) =
1 + q3
1− q3D7
S˜8 =
1
1 + q4
D˜8, D˜8 = −2p˜4 + 2p˜5 + 2p˜6 = 1 + q4
1− q4 (−2p4 + 2p5 + 2p6) =
1 + q4
1− q4D8.
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Figure 2. Fan polytope of a smooth NEF toric manifold for which
the divisors corresponding to vertices and c1 do not span H
2(X).
This gives a crepant resolution of P(1, 1, 2)/Z2.
Reconstruction from the Seidel elements. In this case, the divisors D1, . . . , D4
and c1(X) do not span H
2(X) and the method in the previous example does no
apply. Assume that we know the Seidel elements S˜1, . . . , S˜8 given above. We will
reconstruct the Batyrev elements from these. We set D˜i := S˜i for i = 1, 2, 3, 4 and
D˜i := HiS˜i for i = 5, 6, 7, 8 for some Hi ∈ QJqK. The linear relation
D˜1 + D˜5 + D˜2 = D˜4 + D˜7 + D˜3.
gives the equation
H5S˜5 −H7S˜7 = S˜3 + S˜4 − S˜1 − S˜2.
From the computation above, we have
− H7
1− q3D7 +
H5
1− q1D5 = −
1 + q3
1− q3D7 +
1 + q1
1− q1D5.
Since D7 and D5 are linearly independent, it follows that H5 = 1 + q1, H7 = 1 + q3.
Similarly one can solve for H6, H8.
4.3.4. Crepant resolution of P(1, 1, 2)/Z2. Consider the Z2 action on the weighted
projective space P(1, 1, 2) given by
[z1, z2, z3] 7→ [−z1, z2,−z3].
The quotient P(1, 1, 2)/Z2 has three singular points, two of which are type A1 and
the other is of type A3. Let X be the minimal resolution of P(1, 1, 2)/Z2. The fan
of X is given by (see Figure 2)
b1 = (−2, 1), b2 = (2, 1), b3 = (0,−1)
b4 = (−1, 1), b5 = (0, 1), b6 = (1, 1), b7 = (1, 0), b8 = (−1, 0)
The Picard number of X is 6. The vectors b1, b2, b3 are vertices of the fan polytope.
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Let {γ1, . . . , γ6} be the basis of H2(X,Q) such that
(〈Di, γj〉)T =

1 0 0 −2 1 0 0 0
0 0 0 1 −2 1 0 0
0 1 0 0 1 −2 0 0
0 1 1 0 0 0 −2 0
1 0 1 0 0 0 0 −2
−2 −2 −1 2 −1 2 2 2

The Mori cone NE(X) is not simplicial but is contained in the simplicial cone
generated by γ1, . . . , γ6. (Here γi ∈ NE(X) for 1 ≤ i ≤ 5, but γ6 /∈ NE(X).
Note also that γ1, . . . , γ6 do not form an integral basis.) Set the Novikov variable
qi := q
γi . Let {p1, . . . , p6} ⊂ H2(X,Q) be the dual basis of {γ1, . . . , γ6}.
Mirror coordinates. The mirror coordinates for surface An singularity resolu-
tions are calculated in [3, Appendix A, Proposition A.6]. The same method applies
here, as the mirror map for the A3 singularity resolution appears as part of the
mirror map in this case. We only state the final result here.
y1 = q1
1 + q2 + q1q2 + q2q3 + q1q2q3 + q1q
2
2q3
(1 + q1 + q1q2 + q1q2q3)2
,
y2 = q2
(1 + q1 + q1q2 + q1q2q3)(1 + q3 + q2q3 + q1q2q3)
(1 + q2 + q1q2 + q2q3 + q1q2q3 + q1q22q3)
2
,
y3 = q3
1 + q2 + q1q2 + q2q3 + q1q2q3 + q1q
2
2q3
(1 + q3 + q2q3 + q1q2q3)2
,
y4 =
q4
(1 + q4)2
,
y5 =
q5
(1 + q5)2
,
y6 = q6
(1 + q1 + q1q2 + q1q2q3)
2(1 + q3 + q2q3 + q1q2q3)
2(1 + q4)
2(1 + q5)
2
1 + q2 + q1q2 + q2q3 + q1q2q3 + q1q22q3
.
The Batyrev and Seidel elements. Here we present a cohomology class
∑6
i=1 cipi
by the column vector (c1, c2, . . . , c6)
T.
D˜1 = S˜1 =

1+q1−q2−q2q3−q21q2+q22q3−q21q2q3+q31q22q3
(1−q1)(1−q2)(1−q1q2)(1−q2q3)(1−q1q2q3)
− q1(1−q3−q1q2+q22−q1q22+q1q2q3−q32q3+q1q32q3)(1−q1)(1−q2)(1−q3)(1−q1q2)(1−q2q3)
q1q
2
2(1−q2q3−q1q2q3+q33−q2q33+q1q22q23−q1q2q33+q1q22q33)
(1−q2)(1−q3)(1−q1q2)(1−q2q3)(1−q1q2q3)
0
1+q5
1−q5
1−3q5
1−q5 +
q1
(1−q1)(1−q2)(1−q2q3) − 3(1−q1)(1−q1q2)(1−q1q2q3) −
2q1q
2
2
(1−q2)(1−q3)(1−q1q2)

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D˜2 = S˜2 =

q22q3(1−q1q2+q31−q1q2q3−q31q2−q31q2q3+q21q22q3+q31q22q3)
(1−q1)(1−q2)(1−q1q2)(1−q2q3)(1−q1q2q3)
− q3(1−q1+q22−q2q3+q1q2q3−q22q3−q1q32+q1q32q3)(1−q1)(1−q2)(1−q3)(1−q1q2)(1−q2q3)
1−q2+q3−q1q2+q1q22−q2q23−q1q2q23+q1q22q33
(1−q2)(1−q3)(1−q1q2)(1−q2q3)(1−q1q2q3)
1+q4
1−q4
0
1−3q4
1−q4 +
q3
(1−q2)(1−q3)(1−q1q2) − 3(1−q3)(1−q2q3)(1−q1q2q3) −
2q22q3
(1−q1)(1−q2)(1−q2q3)

D˜3 = S˜3 =

0
0
0
1+q4
1−q4
1+q5
1−q5
− 21−q4 +
1−3q5
1−q5

D˜4 = (1 + q1 + q1q2 + q1q2q3)S˜4,
S˜4 =

− 2−q2−q1q2−q2q3−q1q2q3+q32q3+q21q22q3(1−q1)(1−q2)(1−q1q2)(1−q2q3)(1−q1q2q3)
1+q2−q3−2q1q2+q1q2q3−q32q3+q1q22q3
(1−q1)(1−q2)(1−q3)(1−q1q2)(1−q2q3)
− q2(1−q2q3+q23−q1q2q3−q2q23−q1q2q23+2q1q22q23)(1−q2)(1−q3)(1−q1q2)(1−q2q3)(1−q1q2q3)
0
0
− 1(1−q1)(1−q2)(1−q2q3) + 3(1−q1)(1−q1q2)(1−q1q2q3) +
2q2
(1−q2)(1−q3)(1−q1q2)

D˜5 = (1 + q2 + q1q2 + q2q3 + q1q2q3 + q1q
2
2q3)S˜5
S˜5 =

1+q1−2q1q2−2q1q2q3+q1q22q3+q21q22q3
(1−q1)(1−q2)(1−q1q2)(1−q2q3)(1−q1q2q3)
− 2−q1−q3−q1q2−q2q3+2q1q2q3(1−q1)(1−q2)(1−q3)(1−q1q2)(1−q2q3)
1+q3−2q2q3−2q1q2q3+q1q22q3+q1q22q23
(1−q2)(1−q3)(1−q1q2)(1−q2q3)(1−q1q2q3)
0
0
1
(1−q1)(1−q2)(1−q2q3) − 2(1−q2)(1−q3)(1−q1q2) −
3q1
(1−q1)(1−q1q2)(1−q1q2q3)

D˜6 = (1 + q3 + q2q3 + q1q2q3)S˜6
S˜6 =

− q2(1+q21−q1q2−q21q2−q1q2q3−q21q2q3+2q21q22q3)(1−q1)(1−q2)(1−q1q2)(1−q2q3)(1−q1q2q3)
1−q1+q2−2q2q3−q1q22+q1q2q3+q1q22q3
(1−q1)(1−q2)(1−q3)(1−q1q2)(1−q2q3)
− 2−q2−q1q2−q2q3+q1q22−q1q2q3+q1q22q23(1−q2)(1−q3)(1−q1q2)(1−q2q3)(1−q1q2q3)
0
0
− 1(1−q2)(1−q3)(1−q1q2) + 3(1−q3)(1−q2q3)(1−q1q2q3) +
2q2
(1−q1)(1−q2)(1−q2q3)

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D˜7 = (1 + q4)S˜7, S˜7 =

0
0
0
− 21−q4
0
2
1−q4
 , D˜8 = (1 + q5)S˜8, S˜8 =

0
0
0
0
− 21−q5
2
1−q5
 .
Reconstruction of Batyrev from Seidel. Again the divisors D1, D2, D3 and
c1(X) do not span H
2(X) in this case. We have the following linear relations:
2D˜1 + D˜4 + D˜8 = D˜6 + D˜7 + 2D˜2,
D˜1 + D˜4 + D˜5 + D˜6 + D˜2 = D˜3.
Suppose we know only the Seidel elements S˜1, . . . , S˜8 given above. We can check
(assisted by computer) that there exist unique functions x, y, z, u, v of qi’s which
solves the linear equations:
2S˜1 + xS˜4 + vS˜8 = zS˜6 + uS˜7 + 2S˜2,
S˜1 + xS˜4 + yS˜5 + zS˜6 + S˜2 = S˜3.
Here x, y, z, u, v are given by (as expected)
x = 1 + q1 + q1q2 + q1q2q3
y = 1 + q2 + q1q2 + q2q3 + q1q2q3 + q1q
2
2q3
z = 1 + q3 + q2q3 + q1q2q3
u = 1 + q4
v = 1 + q5.
The Batyrev elements are given as: D˜i = S˜i for 1 ≤ i ≤ 3 and D˜4 = xS˜4, D˜5 = yS˜5,
D˜6 = zS˜6, D˜7 = uS˜7, D˜8 = vS˜8. Then the Batyrev elements determine the mirror
co-ordinates y1, . . . , y6.
4.3.5. Crepant resolution of P2/Z3. Consider the toric variety X given by the fan
spanned by the following vectors (see Figure 3):
b1 = (0, 1), b2 = (1, 0), b3 = (1,−1), b4 = (0,−1), b5 = (−1, 0), b6 = (−1, 1)
b7 = (−1, 2), b8 = (2,−1), b9 = (−1,−1)
Only b7, b8, b9 are the vertices of the fan polytope. A cubic surface in P3 can
degenerate to the singular toric variety P2/Z3 (with 3 nodes of type A2) and X is
a minimal resolution of P2/Z3 where the Z3-action on P2 is given by [z1, z2, z3] 7→
[z1, ωz2, ω
2z3]. We can construct X as a 6 times blowup of P2 at infinitely near
points. Thus X is deformation equivalent to a del Pezzo surface of degree 3 (i.e.
cubic surface).
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Figure 3. Toric degeneration of a cubic surface
We take a basis {γ1, . . . , γ7} of H2(X,Q) such that the intersection matrix be-
comes
(〈Di, γj〉)T =

−2 1 0 0 0 0 1 0 0
1 −2 0 0 0 0 0 1 0
0 0 −2 1 0 0 0 1 0
0 0 1 −2 0 0 0 0 1
0 0 0 0 −2 1 0 0 1
0 0 0 0 1 −2 1 0 0
2 2 2 2 2 2 −3 −3 −3

The Mori cone NE(X) is contained in the simplicial cone generated by γi’s. Note
that γ1, . . . , γ7 are not a Z-basis and that NE(X) itself is not simplicial. We have
γi ∈ NE(X), 1 ≤ i ≤ 6 and γ7 /∈ NE(X). As usual, we take {p1, . . . , p7} ⊂
H2(X,Q) to be the dual basis of {γ1, . . . , γ7} and qi := qγi to be the Novikov
variable.
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Mirror coordinates.
y1 = q1
1 + q2 + q1q2
(1 + q1 + q1q2)2
y2 = q2
1 + q1 + q1q2
(1 + q2 + q1q2)2
y3 = q3
1 + q4 + q3q4
(1 + q3 + q3q4)2
y4 = q4
1 + q3 + q3q4
(1 + q4 + q3q4)2
y5 = q5
1 + q6 + q5q6
(1 + q5 + q5q6)2
y6 = q6
1 + q5 + q5q6
(1 + q6 + q5q6)2
y7 = q7(1 + q1 + q1q2)
2(1 + q2 + q1q2)
2(1 + q3 + q3q4)
2
· (1 + q4 + q3q4)2(1 + q5 + q5q6)2(1 + q6 + q5q6)2
The Batyrev and Seidel elements.
D˜1 = (1 + q1 + q1q2)S˜1, S˜1 =
1
∆12

−2 + q2 + q1q2
1 + q2 − 2q1q2
0
0
0
0
2(1− 2q2 + q1q2)

D˜2 = (1 + q2 + q1q2)S˜2, S˜2 =
1
∆12

1 + q1 − 2q1q2
−2 + q1 + q1q2
0
0
0
0
2(1− 2q1 + q1q2)

D˜3 = (1 + q3 + q3q4)S˜3, S˜3 =
1
∆34

0
0
−2 + q4 + q3q4
1 + q4 − 2q3q4
0
0
2(1− 2q4 + q3q4)

D˜4 = (1 + q4 + q3q4)S˜4, S˜4 =
1
∆34

0
0
1 + q3 − 2q3q4
−2 + q3 + q3q4
0
0
2(1− 2q3 + q3q4)

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D˜5 = (1 + q5 + q5q6)S˜5, S˜5 =
1
∆56

0
0
0
0
−2 + q6 + q5q6
1 + q6 − 2q5q6
2(1− 2q6 + q5q6)

D˜6 = (1 + q6 + q5q6)S˜6, S˜6 =
1
∆56

0
0
0
0
1 + q5 − 2q5q6
−2 + q5 + q5q6
2(1− 2q5 + q5q6)

D˜7 = S˜7 =
1
∆12∆56

(1 + q1 − q2 − q21q2)∆56
−q1(1− q1q2 + q22 − q1q22)∆56
0
0
−q6(1 + q25 − q5q6 − q25q6)∆12
(1− q5 + q6 − q5q26)∆12
5− 2(2− q1 − 2q2 + q21q2)∆−112 − 2(2− 2q5 − q6 + q5q26)∆−156

D˜8 = S˜8 =
1
∆12∆34

−q2(1− q1q2 + q21 − q21q2)∆34
(1− q1 + q2 − q1q22)∆34
(1 + q3 − q4 − q23q4)∆12
−q3(1− q3q4 + q24 − q3q24)∆12
0
0
5− 2(2− 2q1 − q2 + q1q22)∆−112 − 2(2− q3 − 2q4 + q23q4)∆−134

D˜9 = S˜9 =
1
∆34∆56

0
0
−q4(1 + q23 − q3q4 − q23q4)∆56
(1− q3 + q4 − q3q24)∆56
(1 + q5 − q6 − q25q6)∆34
−q5(1− q5q6 − q5q26 + q26)∆34
5− 2(2− 2q3 − q4 + q3q24)∆−134 − 2(2− q5 − 2q6 + q25q6)∆−156

where ∆ij = (1− qi)(1− qj)(1− qiqj).
Reconstruction of Batyrev from Seidel. We have the following linear relations:
2D˜7 + D˜1 + D˜6 = D˜9 + D˜4 + D˜3 + D˜8
2D˜8 + D˜2 + D˜3 = D˜9 + D˜5 + D˜6 + D˜7
Suppose we only know the Seidel elements S˜1, . . . , S˜9. We can check that the
following linear equation for x, y, z, w, u, v has a unique solution:
2S˜7 + xS˜1 + vS˜6 = S˜9 + wS˜4 + zS˜3 + S˜8
2S˜8 + yS˜2 + zS˜3 = S˜9 + uS˜5 + vS˜6 + S˜7
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The Batyrev elements are given as D˜1 = xS˜1, D˜2 = yS˜2, D˜3 = zS˜3, D˜4 = wS˜4,
D˜5 = uS˜5, D˜6 = vS˜6 and D˜i = S˜i for 7 ≤ i ≤ 9. The mirror co-ordinates yi are
determined by these.
Remark 4.7. It is interesting to compare the Givental-Hori-Vafa mirrors of X
and a cubic surface. The mirror of X is a Landau-Ginzburg model defined by the
function Wy on the torus (C×)2 with coordinates x1, x2
Wy(x1, x2) = a7x
−1
1 x
2
2 + x2 + x1 + a8x
2
1x
−1
2
+ a3x1x
−1
2 + a4x
−1
2 + a9x
−1
1 x
−1
2 + a5x
−1
1 + a6x
−1
1 x2
where the coefficients a3, . . . , a9 are determined by the relation
yj =
9∏
i=3
a
〈Di,γj〉
i , 1 ≤ j ≤ 7.
On the other hand, the mirror of a (generic) cubic surface Y is [18]
Vu(x1, x2) = u
(1 + x1 + x2)
3
x1x2
.
Under the specialization y1 = · · · = y6 = 1/3 and y7 = 312u3, we have
Vu(x1, x2) = Wy(3ux1, 3ux2) + 6u.
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